The focus of this paper is on the quantification of ongoing mass and volume changes over the Greenland ice sheet. For that purpose, we used elevation changes derived from the Ice, Cloud, and land Elevation Satellite (ICESat) laser altimetry mission and monthly variations of the Earth's gravity field as observed by the Gravity Recovery and Climate Experiment (GRACE) mission.
I N T RO D U C T I O N
The predicted sea level rise in the 21st century as indicated in the Fourth Assessment Report of the Intergovernmental Panel on Climate Change (IPCC 2007) ranges between 18 and 59 cm. These predictions do not yet include the contributions of the dynamic response of the ice sheets to increasing temperatures, due primarily to a limited understanding of the corresponding processes. It is likely that these predictions are too low and, therefore, a detailed knowledge of the evolution of the polar ice sheets is of considerable societal importance.
Monitoring ice mass variations in polar areas is one of the objectives of the Gravity Recovery and Climate Experiment (GRACE) mission and the Ice, Cloud, and land Elevation Satellite (ICESat) mission, launched in 2002 March and 2003 January, respectively. Since then, GRACE data are used to compute time-series of models that reflect temporal variations of the Earth's gravity field. A typical temporal sampling of such a series is 1 month. The computed models can be used to monitor a mass re-distribution at the Earth's surface with a spatial resolution of 300-500 km. The ICESat mission measures, amongst others, elevation changes of the Greenland and Antarctic ice sheets with a nearly complete coverage and high spatial resolution.
The temporal coverage of ICESat is limited, because there are only 2 or 3 measurement campaigns of ∼35 d yr −1 . In this paper, we use ICESat data to estimate elevation changes in Greenland with the same temporal resolution as in the case of GRACE: 1 month. Of course, this can be done only for the months covered by the available observation campaigns.
Currently, several estimates of Greenland's ice sheet mass change rates are available, which are obtained from GRACE (Chen et al. 2006; Luthcke et al. 2006; Ramillien et al. 2006; Velicogna & Wahr 2005 , 2006 , and ICESat (Thomas et al. 2006 ) data, sometimes in combination with data from other sources. The estimates show a larger spread than could be expected from the reported uncertainties, which indicates that these uncertainties are too optimistic. Furthermore, virtually no attempts were made so far to combine the GRACE and ICESat data sets in a joint inversion scheme. An exception is the research of Wahr et al. (2000) , who proposed a combination concept aimed at a simultaneous estimation of the mass change rate and postglacial rebound (PGR) over the Antarctic ice sheet. However, that methodology is hardly relevant for Greenland, because the average contribution of PGR is believed to be low (Velicogna & Wahr 2005) .
Development of a new joint inversion scheme to combine ICESat and GRACE data over Greenland is the primary subject of this paper. Here, we focus on integrated estimations for the whole of Greenland. Two different concepts of joint inversion are proposed. The first concept aims at the usage of both data sets for estimating simultaneously the mass change rate and effective snow/ice density. We investigate if application of this concept helps to reduce the uncertainty in mass change rates compared to stand alone data processing. The second concept is designed to convert GRACE and ICESat data into two totally new products: variations of ice volume and variations of snow volume separately.
The structure of the paper is as follows. Section 2 starts with a brief introduction of the ICESat data set, followed by a description of the way how the elevation change rates are derived and converted to mass change rates. This section ends with a summary of the results obtained. Section 3 briefly discusses the methodology used to estimate the mass change rate based on GRACE monthly variations of the Earth's gravity field. The section continues with a comparison of the results based on models from different processing centres. In Section 4, we compare our ICESat and GRACE estimates and discuss possible reasons that explain the differences. Section 5 presents the two newly proposed joint inversion concepts and the results obtained on their basis. The last section contains conclusions and recommendations for future work.
M A S S C H A N G E R AT E E S T I M AT I O N F RO M I C E S AT DATA
Several methods to obtain elevation change rates based on ICESat data are developed, for a brief overview we refer to Slobbe et al. (2008) . We developed our own methodology, which is briefly discussed in the next section.
Methodology/observation equations
To estimate the mass change rate with ICESat data, the elevation differences of 925 557 geometrically overlapping footprint pairs (see Fig. 1) are retrieved from the level-2 altimetry product (GLA12) that provides the surface elevations for the Greenland and Antarctic ice sheets . We used the most recent laser campaign releases available at the time of this study, that is, release 228 for laser campaign L1a and the fully calibrated (release 428) laser campaigns L2a to L3h, spanning from 2003 February to 2007 April (five spring, two summer and four fall campaigns). The data are edited using quality flags defined by the GLAS science team, as well as other additional criteria. The obtained elevation differences are corrected, to eliminate biases in the elevation differences caused by not completely overlapping footprint pairs. To this end, we used a digital elevation model generated from the first seven laser campaigns (from 2003 February through 2005 June) of the ICESat mission (DiMarzio et al. 2007) , to correct for the influence of a non-zero surface slope. The corrected elevation differences H i j are exploited to estimate a time-series of average elevations using the general observation eq. (1).
where H r j and H r i are the relative heights in month i and j, and e H is the observation error. Note that based on elevation differences only, no absolute height can be estimated. Hence one has to fix the height of one reference epoch (r).
The time-series are used to estimate a linear trend, jointly with the parameters of a seasonal cycle, see eq. (2).
where a is the y-intercept,Ḣ the elevation change rate, c and d the parameters that account for the seasonal cycle, T the period of the seasonal cycle, that is, 1 yr and e H is the error in the height. For more details about the used procedures, we refer to Slobbe et al. (2008) .
Division of the ice sheet
From Figs 1 and 3, it follows that most of the overlapping footprint pairs are located in the northern part of the ice sheet, which is a consequence of the convergence of satellite ground tracks towards the poles. When we apply eqs (1) and (2) for Greenland as a whole, the parameter estimates will be biased by a relatively high contribution of the northern elevation changes. To prevent such an inhomogeneous weighting of the signals, we divided the ice sheet in six drainage systems (taken from Luthcke et al. 2006) , further divided into a region above and below 2000 m, see Fig. 1 . This division will be referred to as division I.
However, for GRACE we only estimate the mass change rate over the whole Greenland ice sheet, which is a consequence of the limited spatial resolution of GRACE. Usage of ICESat and GRACE data in a joint inversion implies that for ICESat we have to join all drainage systems to estimate the changes for the whole of Greenland as well. For both joint inversion schemes (Section 5), the total volume changes between each particular pair of epochs i and j is needed. These quantities are computed as follows. In the first step, the observed elevation differences ( H i j , eq. 1) are multiplied with the area of the drainage system the overlapping footprint pair belongs to, to obtain multiple estimations of the volume difference V i j . In the second step, the average volume change for each particular pair of epochs ( V i j ) is computed per drainage system. After that, the total volume change over the whole Greenland ice sheet ( V i j ) for each particular pair of epochs is obtained by summation of the averages ( V i j ) per drainage system. For the second joint inversion scheme also, the total volume change rates can be used. To obtain these rates, the total volume changes are used to estimate a timeseries using eq. (1) (2) is used to estimate the volume change rate over the whole Greenland ice sheet, jointly with the parameters of a seasonal cycle.
Unfortunately, not for all drainage system regions, the same pairs of epochs are available. When for a certain region a particular combination of epochs is missing, the sum over the other regions of the average volume changes for that epoch pair is no longer a sum over the whole Greenland ice sheet. For ICESat, we have data for 23 different months, resulting in 253 unique epoch pairs. For none of the drainage system regions, all pairs are available, the maximum is 251, while the minimum is only 110. To solve this problem, we decided to merge drainage system 1, 2 and 6 and drainage system 3, 4 and 5 (see Fig. 1 ) for the region above and below 2000 m separately. This results in a division into four large regions, referred to as division II. With this approach, we still missed data for 27 epoch pairs for the southern coastal region. So we removed these epoch pairs from the data set.
Conversion to mass change rates
To convert the estimated volume change rates into mass change rates, different approaches exist (Wingham et al. 2006) . The main problem is that a proper snow/ice density value is needed. The density of newly fallen snow is about three times smaller than the density of ice (300 kg m −3 vs. 900 kg m −3 ; Wingham et al. 2006 ). The proper choice of density depends on whether the changes in elevation of the snow/ice column are caused by ice dynamics, not being in balance with the long-term multidecadal accumulation rate, or are caused by shorter-term (decadal) variability in accumulation (Zwally et al. 2005) . In the last case, the snow density should be used to convert a volume change to a mass change. In other words, when the mass changes are caused by a change in accumulation, another density has to be used as when they are caused by a change in ablation. Zwally et al. (2005) used an average density of 900 kg m −3 based on two assumptions: (i) when the time-series are sufficiently long, short-term stochastic fluctuations in accumulation rate average out over the full period and (ii) over large regions their nett effect will also average out.
In Thomas et al. (2006) similar assumptions are made, but different densities are used for different regions. For the region above 2000 m, they used a density of 600 ± 300 kg m −3 , but as they stated, the actual density is probably on the lower side of the indicated range (300-900 kg m −3 ). This density is chosen because they conclude that the observed elevation differences are mainly caused by increased snowfall. In the region below 2000 m, where mass is lost by ice melting and increased ice discharge, Thomas et al. (2006) used a density of 900 kg m −3 . The approach of Thomas et al. (2006) is confirmed by recent observations that show that the volume variations below 2000 m are mainly caused by variations in the amount of ice, which are triggered by fluctuations in flow velocity of the glaciers (Howat et al. 2007) and (Rignot & Kanagaratnam 2006) . For the region above 2000 m, a positive elevation change rate is reported by Johannessen et al. (2005) , Thomas et al. (2006) and Zwally et al. (2005) . Therefore, we adopted the approach of Thomas et al. (2006) . Here, we use for all regions above 2000 m a density of 600 ± 300 kg m −3 , whereas for the regions below 2000 m a density of 900 ± 300 kg m −3 is used. Here, the range of ±300 kg m −3 is used to compute an empirical error. At first glance, 900 + 300 kg m −3 might look strange, but notice that it is an effective density, which can be larger as an actual density. This will be further discussed in Section 5.
The relative large uncertainty in the used densities also reflects the uncertainty introduced by density fluctuations in the snow column, driven by changes in the temperature and accumulation rate (Arthern & Wingham 1998) . Such changes influence the rate at which the snow compacts, resulting in elevation changes that will be observed by the satellite altimeters, which are unrelated to mass changes. Based on a firn compaction model, Li et al. (2007b) estimated the average signal caused by firn compaction over the whole Greenland ice sheet over a period of 2003-2006 as −5 cm yr −1 . To retrieve the mass change rate for the whole of Greenland, we simply sum up all estimated mass change rates for all different drainage systems both for the regions above and below 2000 m elevation.
Results and discussion
Using the reported effective densities for the region above and below 2000 m, we estimated the ranges of mass change rates for both ice sheet divisions, as provided in Table 1 . For division I, it turns out that the used densities have the largest influence on the estimates for the regions below 2000 m, because here the largest signals are observed. In total, the obtained mass change rate over the whole of Greenland equals −139 ± 68 Gton yr −1 . For a further validation of these results, we refer to Slobbe et al. (2008) .
From Table 1 , it follows that the total mass change rate over the whole of Greenland based on division I differs by 10 Gton yr −1 from the rate based on division II. This difference is mostly caused by different estimates for the northern coastal region, −25 ± 10 and −16 ± 5 Gton yr −1 for divisions I and II, respectively. An additional study showed that the lower estimation for division II is caused by an inhomogeneous distribution of overlapping footprint pairs. Accumulation signals in the northern part of each region are better sampled, which apparantly leads to an underestimation of the observed negative trend when averaging over larger areas is applied, as takes place for division II. Table 1 . Estimated mass change rates in Gton yr −1 based on ICESat data (2003 for two different divisions (I and II) of the Greenland ice sheet, and for both the region above (↑) and below (↓) 2000 m.
North
South Total Division 1 2 6 1 + 2 + 6 3 4 5 3 + 4 + 5 I ↑ 3 ± 2 7± 3 2± 1 12± 6 0± 0 −10 ± 5 10± 5 0± 10 12 ± 16 ↓ −3 ± 1 3± 1 −25 ± 8 −25 ± 10 −30 ± 10 −57 ± 19 −39 ± 13 −127 ± 42 −151 ± 52 Total 0 ± 3 10± 4 −23 ± 9 −13 ± 16 −30 ± 10 −67 ± 24 −29 ± 18 −127 ± 52 −139 ± 68 II ↑ 13 ± 6 0 ± 0 1 3± 6 ↓ − 16 ± 5 −126 ± 42 −142 ± 47 Total −3 ± 11 −126 ± 42 −129 ± 53
Note: For the region above 2000 m, a density of 600 ± 300 kg m −3 is used, while for the region below 2000 m, the density is 900 ± 300 kg m −3 . Here, the reported empirical error only represents the uncertainty introduced by the used density. 
M A S S C H A N G E R AT E E S T I M AT I O N F RO M G R A C E DATA
To estimate the mass change rate using GRACE observations, monthly models of the Earth's gravity field derived from GRACE observations are used. Different Table 2 . The monthly gravity variations are obtained by subtracting a mean field from the monthly solutions. Currently we do not consider the degree 1 coefficients, which are not available in the original models, even though they may have some impact on the estimated mass change rate.
Methodology
A methodology that can be used to derive mass change rates from GRACE data is extensively described (e.g. Wahr et al. 1998) . Here, we applied almost the same methodology as described in Velicogna & Wahr (2005) . Basically, the integrated mass variationf 0 inside the region reg is given bȳ
where f (θ, λ) the global mass variation as a function of location, q(θ, λ) is a region function (i.e. 1 inside and 0 outside the area of interest, respectively) and R the mean Earth sphere.
To reduce the influence of noise, a low-pass Gaussian filter (Wahr et al. 1998 ) with a half-width of 400 km is applied. The mass changes are corrected for the PGR effect by using the PGR-induced rates, calculated using Peltier's ICE-5G ice model and the VM2 Earth model (Peltier 2004) . Over the whole of Greenland, the PGR contribution is equal to −4 Gton yr −1 . To estimate the uncertainty of this value, we used half the value of the maximum difference among the PGR rates based on different earth models (Riva, personal communication 2008) . For Greenland, this results in an uncertainty of 3.2 Gton yr −1 . The main difference between our approach and the approach described in Velicogna & Wahr (2005) is related to the so-called 'leakage effect'. Application of the Gaussian filter for the purpose of noise reduction is known to introduce a bias in the estimated average over the region of interest (Klees et al. 2007 ). This bias¯ 0 can be written as
where f 0 (θ, λ) and f l (θ, λ) are the mass variations inside and outside the region of interest, respectively, and q w (θ, λ) is the smoothed region function, which is a spherical convolution of the Gaussian filter with the region function q(θ, λ). The first term on the right-hand side of eq. (5) (the so-called type 1 error) expresses the contribution of mass variations inside the region of interest. The second term (the so-called type 2 error) represents the contribution of mass variations outside the region of interest. In literature, this bias is also called the leakage error.
For Greenland, the type 2 error is caused by contributions from the ocean and the hydrology in surrounding continental areas. In Ramillien et al. (2006) , the contribution of the type 2 error to the mass change rate was estimated on the basis of the Water Gap Hydrology Model. The obtained value of 1 km 3 yr −1 is much smaller than the formal error in the estimated trend. In Velicogna & Wahr (2005) , monthly global water storage fields from the Noah Land Surface Model produced with the Global Land Data Assimilation System (GLDAS) were used to estimate the contamination from continental hydrology outside Greenland. Furthermore, they estimated the contamination from the ocean using a JPL version of the ECCO general circulation model. They conclude that the amplitude of leakage is approximately equal to the GRACE error bars. On the basis of these results, we conclude that the type 2 error is negligible in the context of our study.
The type 1 error leads to an underestimation of the mass change since the difference 1 − q w (θ, λ) is always positive. To correct for the type 1 error, the following procedure is described in Velicogna & Wahr (2005 , 2006 . The averaging function is scaled so that if it is applied to a uniform mass change of 1 cm water thickness in the coastal area of a few hundred kilometres width, but zero in the interior, it returns an average value of 1 cm for the coastal area. This will result in a scaling factor of 1.95 ). Alternatively, a homogeneous mass change over the whole Greenland ice sheet can be assumed, which results in a scaling factor of 1.85 . We implemented a similar procedure with this difference that the scaling factor is obtained based on the ICESat estimates per drainage system region, resulting in a scaling factor of 2.05. We believe that this scaling factor is more adequate than the ones obtained in Wahr et al. (2007) . If the mass changes were located at the coast, and the Greenland continent was a half-plane, exactly one half of the visible mass change after smoothing would be located in-land, that is, the scaling factor would be exactly 2. Since in practice Greenland is not a half-plane and even more than one half of the mass change signal is located off-shore after smoothing, a scaling factor above 2 could be expected. This procedure of leakage correction is referred to as LC1.
The second procedure we implemented to correct for the type 1 error, is based on an enlarging of the region function, that is, the Greenland basin is extended with a buffer. A similar procedure is used by Velicogna & Wahr (2005) , however, instead of a Gaussian filter, they used an optimized averaging kernel. If there would be no signal outside Greenland, the size of the buffer could be chosen sufficiently large to ensure that no signal would be lost. Since in practice there are signals outside Greenland, coming from the oceans and surrounding continental areas, a reasonable buffer size has to be chosen, which should be not too large to avoid a contamination from signals outside Greenland. On the other hand, it should not be too small to avoid a signal loss from Greenland. Therefore, we decided to evaluate different buffer sizes ranging from 300 to 1000 km, to derive a reasonable value. The minimum and maximum values of the buffer size are determined by the char- acteristic half-width of the Gaussian filter used (400 km). Instead of computing the monthly integrated value over the actual Greenland region, the integrated value is computed over the enlarged region. This procedure of leakage correction is referred to as LC2. In the next section, the results obtained with both procedures will be evaluated.
To derive the formal errors of the estimated mass change rates, we need to know the variance of the estimated monthly mass variations. These are obtained by the application of the propagation law of variances on the calibrated standard deviations of the spherical harmonic coefficients available for all GRACE solutions. To obtain the formal error of the estimated mass change rate, we apply eq. (6).
where Qˆxˆx is the variance-covariance matrix of the unknown parameters, A the design matrix defined by eq. (2) and Q yy the variance-covariance matrix of the obtained monthly masses.
Results and discussion
With the methodology described in Section 3.1, we derived the mass change rates for the entire Greenland from GRACE data alone, using the procedures (LC1 and LC2) to correct for the leakage effect.
To derive a reasonable value of the buffer size in the second procedure, the estimated mass change rates are plotted as a function of the buffer size (Fig. 2) . From this plot, it follows that the estimated mass change rates are converging for the CNES, DEOS and GFZ models, while this convergence is absent for CSR. A convergence can be interpreted as an evidence of the absence of large signals outside Greenland, which justifies this approach (LC2) to correct for signal leakage. An additional study showed that the absence of convergence for the CSR models is partly caused by stripes (Swenson & Wahr 2006) , which makes the estimates based on these models less reliable. On the basis of this plot, we chose a buffer size of 600 km as the convergence point, which is a reasonable distance Note: LC1 refers to the procedure where the ICESat estimated mass change rates are exploited to compute a scaling factor applied to rescale our estimates accordingly. LC2 refers to the procedure where the mass variations are estimated over an enlarged region. The buffer size refers to the distance used to enlarge the Greenland basin. For comparison reasons, we added in the last row the estimates obtained by if we consider the characteristic half-width of the Gaussian filter used (400 km).
The estimated mass change rates and accompanying formal errors are provided in Table 3 . Differences in the estimated rates between leakage correction method LC1 and LC2 (using a buffer size of 600 km) depend on the used GRACE solution. For CSR, the difference equals 17 Gton yr −1 , but this difference might be partly caused by a contamination of stripes in the buffer region. For CNES and GFZ, the differences are −5 and −4 Gton yr −1 , while for DEOS a difference of 5 Gton yr −1 is observed. It is worth noticing that only one scaling factor is computed for LC1 solutions. In Wahr et al. (2007) it was, however, shown that the scaling factor depends on the spatial distribution of the signal. Since the spatial distribution of the signal dramatically changes over time by seasonal fluctuations and trends that differ over different regions of the ice sheet, the scaling factor must also be time-dependent, which is not taken into account in procedure LC1. Furthermore, there are reasons that may cause an underestimation of the mass loss obtained with ICESat (Section 4). Hence, the scaling factor might be underestimated as well. In future research, a more accurate scale factor might be obtained with the help of simulations with known geographical distribution of major ice dynamic changes (Chen et al. 2006) . For this reason, we regard the LC2-based values, obtained using a buffer size of 600 km, as our best estimates.
Differences between the different GRACE solutions are rather large (much larger than the formal errors). The largest negative trends (−197 and −218 Gton yr −1 ) are shown by CNES and CSR solutions, respectively, whereas the smallest negative trend (around −128 Gton yr −1 ) is demonstrated by the DEOS solution. One may notice that the time interval covered by the DEOS solutions is slightly shorter. An additional analysis has shown, however, that this cannot explain the observed differences. An adequate truncation of the time-series of the other processing centres results in only minor changes in the estimated trends (not more than 10 Gton yr −1 ). Therefore, the observed differences between GRACE solutions should probably be explained by different data processing strategies and orbits used by the processing centres to obtain the monthly gravity fields.
Importantly, our estimations do not differ significantly from GRACE estimates provided by (Table 3) that use data of the same processing centres and a comparable time span. For CSR, differences might be caused by a contamination of the solutions with stripes. Also, the differences might be caused by the different methodologies applied to correct for signal leakage. (Tables 1 and 3 , respectively) shows that the former estimates are somewhat lower. One may argue that this difference might be caused by the fact that only a limited number of months were covered by ICESat observations. To compare the GRACE-based estimates with those based on ICESat data more adequately, we re-processed the series of GRACE models using exactly the same epochs and the same time span as we have for ICESat data, see Table 4 . In this way, we exclude temporal differences that might bias the comparison. It is worth mentioning that for DEOS solutions we could not reach perfect matching because they are not yet available for spring 2007.
A C O M PA R I S O N O F I C E S AT A N D G R A C E

A comparison of negative trends obtained from ICESat and GRACE
When we compare different estimates of Greenland's ice sheet mass change rate, we immediately observe the best agreement of the number based on the GRACE DEOS model with the number derived from ICESat data. It is tempting to say that such a consistency is a proof that these numbers are correct. However, it cannot be excluded that this coincidence happened just by chance, and that both of these numbers somewhat underestimate the actual rate. The reason to suspect that the rate derived from ICESat data underestimates the actual trend is based on the fact that ICESat may not give a representative description of a fast ablation in the coastal areas. The ablation pattern is very inhomogeneous over the Greenland ice sheet, that is, strong mass losses can be related to particular glaciers. To obtain a representative estimation of the total mass change rate, all these spots need to be sampled sufficiently and homogeneously, both in the spatial and temporal domains. For ICESat, the sampling mainly depends on the orbital configuration of the satellite and, therefore, becomes less dense for lower latitudes. Furthermore, the sampling is hampered by bad weather conditions, causing large gaps in the observed elevations along track. The sampling heterogeneity is clearly visible from Fig. 3 that shows the number of overlapping footprint pairs as a function of location. It can be seen that along the Table 4 . Estimated mass change rates in Gton yr −1 for all used GRACE solutions using (i) all months available, using (ii) only the months for which also ICESat data is available and using (iii) all months available over the same time span as we have data for ICESat (2003 whole Greenland coast, less overlapping footprint pairs are available, which may hamper a representative description of the ablation signals in this region. Additionally, the influence of surface slope, surface roughness, saturation etc. is expected to lower the quality of the observations in the coastal areas. It is also important to recall that the results based on ICESat data are sensitive to the assumed snow/ice density, as volume changes are converted into mass changes. The densities we used should be considered as a very first guess that virtually does not take into account spatial and temporal variations, which reflect such processes as accumulation of fresh snow, summer melting of surface material with a subsequent migration of the meltwater inside the glacier and its freezing, long-term compaction of surface materials, etc.
Finally, from Table 4 we conclude that the estimated mass change rates based on different sets of monthly solutions show minimal differences for the DEOS solutions, while for the CSR solutions the maximal differences are observed. Especially the differences between the estimates based on the 'ICESat' months (second row Table 4 ) and 'ICESat' time span (third row Table 4) are striking. For all solutions, stronger mass losses are observed when all months within the same time span are used. This may lead to the conclusion that the use of only two or three laser campaigns of ∼35 d yr
for ICESat does not provide a representative signal of the real mass change rate for that year. In Fig. 4 we show, using the CNES solutions as an example, that data points in the summer of 2003 and 2004 exceed the estimated trend. This explains why the trend based on the same time span shows a larger ice loss. Therefore, a further analysis of all available data, as well as a collection of new data, is needed to draw more definitive conclusions about the actual rate of ice mass change in Greenland.
A J O I N T I N V E R S I O N O F I C E S AT A N D G R A C E
Both the GRACE-and ICESat-based mass change rates are contaminated by errors from different sources. For ICESat, these were already discussed in the previous section. For GRACE, the presence of errors follows from a relatively large range of estimates obtained on the basis of different GRACE solutions. A joint inversion of both data sets is a way to reduce errors. This is the motivation of the first joint inversion scheme we developed. On the other hand, ICESat data contain physically different information than GRACE data: volume changes instead of mass changes. Therefore, by combining these types of data, one can obtain new knowledge about natural processes in Greenland. This is the idea behind the second joint inversion scheme. Both schemes provide only integrated estimations for the Greenland ice sheet as a whole due to the limited spatial resolution of GRACE data.
Joint inversion I
Theory
In this section, we present a joint inversion concept that allows to estimate the mass change rate and the parameters of the seasonal cycle (see eq. 2), in combination with the effective snow/ice density, for the whole of Greenland. Basically we have the following system of non-linear observation equations:
where M i is the mass observed with GRACE at epoch i, M i the unknown, real mass at epoch i, e M and e V the errors in the observed mass and volume changes, respectively, V i j the volume change observed by ICESat between epoch i and j obtained by summation over the four regions (see Section 2.2) and ρ the unknown effective snow/ice density. After replacing H i by M i in eq. (2), we substitute eq. (2) in eq. (7), so we obtain:
where f = 2π/T , with T equal to 1 yr. To derive the formal error of the total volume change per epoch combination derived from ICESat data, we need to know the variance-covariance matrix Q H of the observed elevation differences. We assumed that Q H can be defined as a scaled unit matrix where the scale factor is obtained as the squared standard deviation of the elevation differences for time differences of less than 30 d. It turns out that these standard deviations vary between 0.16 m for drainage system 2a and 1.4 m for drainage system 4b. This can be primarily explained by an increased influence of surface slope and roughness at the coastal regions. With Q H and the propagation law of variances, we are able to derive the diagonal variancecovariance matrix Q y y ICESat that describes the formal errors of the total volume changes per epoch pair. For GRACE, we derive the diagonal variance-covariance matrix Q y y GRACE of the GRACE mass observations based on the calibrated standard deviations and the propagation law of variances. The combined variance-covariance matrix is obtained with variance component estimation (VCE) that re-estimates the relative weights of the GRACE and ICESat data sets (Teunissen & Amiri-Simkooei 2007) . Basically we estimate two scaling factors (σ 1 and σ 2 ) that are used to scale the variancecovariance matrices of each data set accordingly. Taking this into account, we solve the system of eqs (8) with a non-linear weighted least-squares algorithm. Table 5 contains the estimated mass change rates and corresponding effective snow/ice densities based on the combination of ICESat with each GRACE solution separately. Additionally we consider the use of all GRACE solutions, which might be reasonable if the differences among the GRACE solutions are interpreted as an evidence of random errors in these solutions. Looking at the estimated effective densities, we immediately conclude that most of them seem to be physically impossible, because they exceed the density of pure ice, which equals 917 kg m −3 . This apparent paradox can be explained by the fact that the nett mass change can be split into a part related to ablation and a part related to accumulation processes for which different densities hold. In the extreme case when the volume change due to ice ablation processes is fully compensated by the accumulation of fresh snow, the nett mass change M is negative while the nett volume change is close to zero. So, the effective density estimated as M/ V can be a positive or negative value of an arbitrary large magnitude (depending on the sign of V ).
Results of joint inversion I
Further analysis of the obtained values allows the conclusion to be drawn that spreading of rate estimations is not reduced with respect to stand alone GRACE-based estimations, as one could expect. While the largest negative trend of about −190 Gton yr −1 (CNES solution) is reproduced in both approaches, the smallest trend obtained by the joint inversion (−101 Gton yr −1 , DEOS solution) is 20 per cent lower than that derived from GRACE data only. A particularly low trend observed for the DEOS solution can be explained by the fact that the same effective density is now used throughout Greenland to convert volume changes into mass changes. If this effective density is found to be between the actual density of ice and snow (as it is the case for the DEOS solution), the negative mass change in the coastal areas is underestimated because the driving process there is an acceleration of glaciers (Rignot & Kanagaratnam 2006) . On the other hand, the positive mass change in the central part of Greenland is overestimated, because a positive volume change there reflects an uncompensated accumulation of snow. In total, the negative mass change rate turns out to be smaller than in reality. Notice further, that there are more reasons why the joint inversion may underestimate actual trends. The exploited ICESat data may lead to an underestimation due to merging drainage systems together (see Section 2.2), whereas the used GRACE models may result in an underestimation due to elimination of the epochs that are not present in ICESat data (see Section 4). In the first case, the underestimation may reach about 10 Gton yr −1 (Table 1) , while in the second case, the underestimation may reach about 30 Gton yr −1 (Table 4 ). This analysis allows us to suggest that attempts to combine ICESat and GRACE data, especially using the same effective density in space and time, may lead to not very reliable final estimates. Therefore, we have developed an alternative concept to combine GRACE and ICESat data that aim at a separate estimation of snow and ice volume variations.
Joint inversion II
Theory
In the alternative joint inversion concept, the combination of ICESat and GRACE data allows the rate of changes in ice volumeV ice and snow volumeV snow to be estimated separately. This can be done in two ways.
Method A: On basis of the estimation of the volume and mass change rates obtained from ICESat and GRACE data, respectively:
whereṀ andV are the estimated mass and volume change rates, respectively, ρ ice and ρ snow the densities of ice and snow, respectively and eṀ and eV the errors in the mass/volume change rates. We defined the density of fresh snow as ρ snow = 350 kg m −3 and that of ice as ρ ice = 900 kg m −3 . To avoid the effect of a different temporal coverage of ICESat and GRACE data, the same epochs have to be chosen for both sets.
Method B: Alternatively, a time-series of ice and snow volume variations with respect to a fixed reference epoch could be used as input.
To obtain a solvable system of equations, we use a set of derived GRACE observations that describe the mass changes ( M i j ) between the same pairs of epochs as we have with ICESat. In this case, we can write the system of observation equations for a given pair of epochs as:
Notice that when we derive the M i j data vector from the original data vector, also the variance-covariance matrix becomes nondiagonal even if the covariance matrices of monthly solutions are assumed to be diagonal. However, we neglected the off-diagonal elements of this matrix.
This system of linear eqs (11) is solved for all pairs of epochs simultaneously. Again, the combined variance-covariance matrix is obtained with the VCE technique, see Section 5.1. This results in separate snow and ice volume changes between all pairs of epochs available for ICESat. To retrieve a time-series from these changes, we use the same methodology as described in chapter 2, developed to construct the time-series of elevations based on the observed elevation differences with ICESat. These time-series are used consecutively to estimate separate linear trends, jointly with a seasonal cycle, for ice and snow volume, respectively.
Results of joint inversion II
The obtained time-series of snow and ice volume variations as well as their analytical approximations are shown in Figs 5 and 6. It is interesting to see that the time-series that describes the snow volume changes reaches the maximum in April/May (Fig. 5) , which corresponds to the end of the accumulation season. The ice volume variation shows a much less prominent seasonal variability. The seasonal maximum is reached in July/August. A possible explanation is a massive melting of snow at the surface with a subsequent freezing of the meltwater inside the ice layer. Thus, the rate of formation of new ice exceeds the rate of ablation due to melting and calving of glaciers. In the winter time, the relationship between ice formation and ablation is opposite. Our interpretation is consistent with the fact that the peak of surface ice melting takes place at the end of July (Abdalati & Steffen 1997) . Table 6 contains the estimated volume change rates for the combination of each GRACE solution with ICESat data separately as well as all together. Here, we obtained the volume change rates both with the use of eq. (10) (method A) and after the estimation of the time-series of ice and snow volume variations (method B). Most combinations show an increasing snow volume and a decreasing ice volume. This is consistent with other studies that showed a growth of the interior of the ice sheet as a consequence of increased accumulation (Johannessen et al. 2005) . Furthermore, all the solutions show a negative trend in ice volume changes. This is in agreement with an increased mass loss in the coastal regions, due to accelerated glacier flows (Rignot & Kanagaratnam 2006) . Note that for all combinations of ICESat with the different GRACE solutions, the use of ice sheet division II, to obtain the total volume changes for ICESat, results in an additional snow volume change rate of 18 Gton yr −1 and an additional ice volume loss of 7 Gton yr −1 , compared to division I. Assuming that these differences reflect a bias caused by an insufficiently representative distribution of footprints, we can apply a corresponding correction to any solution obtained on the basis of division II. For the estimates obtained on the basis of all GRACE models simultaneously (last line in table 6), this results in the following rates:V snow = 92 ± 14 km 3 yr −1 ;V ice = −235 ± 8 km 3 yr −1 . 
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Based on ICESat data alone, the most probable estimation of the average Greenland mass change rate between 2003 February and 2007 April is −139 ± 68 Gton yr −1 , which can be mainly attributed to strong mass losses in the region below 2000 m (−151 ± 52 Gton yr −1 ). Based on GRACE data alone, we conclude that the estimated mass change rate is in the range between −128 and −218 Gton yr −1 . The time span of most GRACE solutions is, however, wider (middle 2002-middle 2007) . Furthermore, GRACE solutions contain much less temporal gaps than the ICESat solution. Selection of GRACE solutions only on the months when ICESat data are available reduces the range of estimated trends to between −126 and −187 Gton yr −1 . A joint inversion of ICESat and GRACE data into a series of mass variations has not reduced the range of uncertainties, and, therefore, cannot be considered as successful. A probable reason is the fact that the effective density needed to convert ICESat data into mass change is assumed to be constant in space and time. This assumption might not be realistic because the observed volume changes are associated with two materials of totally different densities: ice and snow. The second concept of joint inversion, where ice and snow volume changes are estimated separately, seems to be reasonable. Based on this concept, we obtained for different GRACE solutions a snow volume change rate in the range of −11 to 155 km 3 yr −1 and an increasing ice loss with a rate between −136 and −292 km 3 yr −1 . The most probable estimates obtained on the basis of all GRACE models simultaneously are:V snow = 92 ± 14 km 3 yr −1 ;V ice = −235 ± 8 km 3 yr −1 . Note, that for both joint inversion schemes, systematic errors for ICESat data [e.g. undersampling problem (Section 4)] are not taken into account, which is considered as a topic for future work. Furthermore, the influence of snow compaction (Section 2.3) should be removed before application of the joint inversion schemes. Here, existing models could be used (Li et al. 2007a) . Also in future research, more accurate data processing strategies to obtain the GRACE models should be developed to reduce the spread between different GRACE solutions.
So far, we produced only integrated estimations of ice and snow volume changes for the whole of Greenland. However, the same concept can also be applied to different drainage systems separately, which will provide more insight into the mass accumulation and ablation processes in Greenland. To that end, state-of-the-art high resolution models of mass variations in Greenland have to be exploited.
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